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Evaluation of a Multigrid-Baséd Navier-Stokes Solver
for Aerothermodynamic Computations

Veer N. Vatsa*
NASA Langley Research Center, Hampton, Virginia 23681-0001

A multigrid acceleration technique developed for solving the three-dimensional Navier-Stokes equations is used
for computing high-Mach-number flows over configurations of practical interest. An explicit multistage Runge-
Kutta time-stepping scheme is used as the basic algorithm. Solutions are presented for a spherically blunted cone
at Mach 10 and a modified Shuttle orbiter at Mach 6. The computed surface heat-transfer distributions are shown
to compare well with the experimental data. Effect of grid refinement on computed heat-transfer distributions is
also examined to assess the numerical accuracy of the computed solutions. The rapid convergence rate associated
with multigrid schemes in previous applications at transonic speeds is observed at the higher-Mach-number flows

investigated here.

Nomenclature

lift coefficient

sum of dissipative and viscous fluxes

artificial dissipation term

= energy per unit volume

= components of convective flux vector in stream,
normal, and span directions

= viscous flux component in normal direction

coordinate indices in &, 7, and ¢ directions

Jacobian of transformation

length of body, meters

= Mach number

= static pressure

= sum of convective fluxes

= heat-transfer coefficient, W/cm?

= circumferential arc length, m

= maximum arc length in circumferential direction, m

= parameters for shock detection switch

= time

= dependent-variable vector

= Cartesian velocity components, m/s

= a typical conserved variable

= streamwise distance measured from apex of
equivalent sharp cone, m

o = angle of attack, deg

€@ = multiplicative coefficient for second-order
dissipation

= multiplicative coefficient for fourth-order
dissipation

= scaling constant for second-order dissipation

scaling constant for fourth-order dissipation

eigenvalue used in dissipation scaling

pressure-gradient parameter defined in Eq. (6)

= curvilinear coordinates along stream, normal, and
span directions

1) = weight factor used in construction of shock

detection switch
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Subscripts
o0 = freestream value
0 = stagnation value
max = maximum value
w = wall value
Introduction

URING the last decade, progress made in the field of

computational fluid dynamics (CFD) has significantly in-
fluenced the design and analysis of aerodynamic configurations.
Solutions of the Euler (inviscid) equations for essentially com-
plete aircraft configurations'~* and the solutions of the Navier—
Stokes equations for high-Reynolds-number, viscous, transonic
flows over aircraft components are now available in the open
literature.”~® Most of the efficient numerical schemes for solving
aerodynamic flows rely on multigrid acceleration techniques®®? to
enhance the convergence rate. The multigrid-based schemes have
the desirable property that the number of iterations required to
achieve a steady-state solution is nearly independent of the mesh
size for a given class of problems. Thus one can achieve grid-
converged, steady-state solutions, even for the numerically demand-
ing problem of high Reynolds-number, transonic, viscous flow
over aircraft components, with a reasonable amount of computer
resources.’

Despite the progress achieved in solving transonic flows, the
development of efficient CFD methods for supersonic and hy-
personic flows seems to be lagging at the present time. Most
numerical schemes currently in use for high-speed flows re-
quire a prohibitive amount of computer time to obtain converged
solutions.’®!! A notable exception is the progress reported in the
development of multigrid-based schemes'>~% for two- and three-
dimensional high-speed flows within the last few years. In this pa-
per, we will discuss the application of a computationally efficient,
multigrid-based central-difference algorithm known as TLNS3D® 13
to aerothermodynamic problems. Sample results for problems
of practical interest will be presented along with comparisons
with experimental data to evaluate the accuracy of the numerical
solutions.

Governing Equations and Numerical Method

The basic equations under consideration are the unsteady Navier—
Stokes equations. These are specialized to a body-fitted coordinate
system (£, n, £), where &, n, and ¢ represent the streamwise, nor-
mal, and spanwise coordinates, respectively. The 5 coordinate lines
are nearly orthogonal to the wing surface. Since the dominant vis-
cous effects for high-Reynolds-number flows arise from viscous
diffusion normal to the body surface, a thin-layer assumption is
employed here by retaining only the viscous diffusion terms in the
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n direction. These equations can be written in the conservation-law
form as

dF 0G 0H 0G,

—{(J~ ! —_— — —_— = 1
( N+3 £ 3 + T on ey
where the dependent variable vector U is given by the relation

p
pu

U=4{ pv )
o w
pE

In Eq. (1), F,G, G,, and H are the flux vectors, and J is the
Jacobian of the transformation. The effects of turbulence are in-
corporated in the governing equations through the eddy-viscosity
and eddy-conductivity concepts modeled via the Baldwin-Lomax
turbulence model. The complete forms of these quantities are readily
available.’

A pseudo-time-stepping procedure based on a Runge-Kutta
scheme!®!” is used for integrating the time-dependent equations to
steady state and also as a smoother in the multigrid scheme. For con-
venience, the discretized form of the governing equations is written
in the following operator notation:

LU+ W) - DW) =0 3

where Q contains all the convective and viscous fluxes and D rep-
resents the artificial dissipative fluxes.

Since our primary interest here is to obtain solutions for viscous
flows via the Navier-Stokes equations, both the diffusion and the
convective terms are important, in contrast with the Euler equa-
tions, where convective terms are dominant. Therefore, it is prefer-
able to employ a scheme that has good stability properties along
both the real and imaginary axes for accommodating the complete
range of convection- and diffusion-dominated problems. Based on
the Fourier stability analysis of a one-dimensional model problem, '8
the five-stage Runge—Kutta scheme, with three evaluations of the
dissipative operator at the first, third, and fifth stages, appears very
attractive and is employed in the present work. The convergence to
steady state is enhanced via the use of local time-stepping and im-
plicit residual smoothing techniques,'s!” with variable coefficients
for the residual smoothing.? All the computations in this paper were
performed with a CFL number of 4.5.

Boundary Conditions

At the far-field boundaries, a test is performed on the velocity
component normal to the boundary. For an inflow boundary, all
the flow variables are set to their freestream values. For an outflow
boundary, all the variables are extrapolated from the interior. On
the solid surface, a no-slip boundary condition is imposed by set-
ting all the velocity components to zero. A zero pressure gradient
and specified value of wall temperature are also imposed on the
solid surface.

Artificial Dissipation Model

The artificial dissipation model used in this study is closely re-
lated to the dissipation model developed for transonic flows.® 1617
The modifications required for supersonic and hypersonic viscous
flows were described in an earlier paper’® and are discussed here
briefly for completeness. The first and third differences constitut-
ing the artificial dissipation in the i direction can be written as
follows:

d

L1

i+5,0k

2

y = ,+ jk(W:+1,1k— Wi jk)
i+d.k

—6 (Wx+21k = 3Wi ke +3Wi i — Wiy ;0 (€]
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Fig. 1 Effectofstreamwise grid variation on heat-transfer distribution
for a blunt cone.
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Fig. 4 Comparison of heat-transfer coefficients for the modified Shuttle orbiter (M, = 5.83, Re; = 4.5 X 10°, o = 30 deg).

In Eq. (4), Aiy1y2,j is a modified eigenvalue scaling factor,’

and the coefficients €, ;, and ei(fl /2..k are related to the pres-
sure gradient as follows:

@ -
i+d, ik

@ _ @ _ @
Ei+%'j,k = max{O, (K GH_%J,k)} (&)

where the coefficients k® and k™ are set equal to 1 and g;, respec-
tively. The quantities v; depend on the pressure-gradient parameter
and are modified to produce a TVD variation of the shock-detection
switch!® in the following manner:

2
€@ max(Vit1, Vi)

_|piv1,ie = 2Pk + Picr ikl
B (1 — )T + T
Tt = |Pit1,jk = Pijkl + 1Pije — Pi-1,jl ©)

i

T = pig1,jk + 2P0 jk + Pi-vjk

Note that by setting @ = 1, we can recover the shock switch de-
veloped for transonic flow computations.” 61 For supersonic and
hypersonic flows, w = % is found to give satisfactory results.

Multigrid Acceleration Technique

In the current application, the full-approximation storage (FAS)
scheme of Brandt® is used in conjunction with the multigrid strat-
egy devised by Jameson!® for the solution of the Euler equations.
The extensions for three-dimensional supersonic and hypersonic
viscous flows!” are used in this investigation. A five-stage Runge—
Kutta scheme with coefficients selected to provide good damping
of the high-frequency errors is employed. The restriction operator
used to transfer the solution to a coarser grid is a volume-weighted
average of the eight surrounding cell-centered values. The forcing
function for a cell on the coarse grid is obtained by simply sum-
ming the residuals of its constituent fine-grid cells. The corrections
are transferred from the coarse grid back to the fine grid (or pro-
longed) by simple trilinear interpolation in the computational space.
On highly stretched or nonuniform grids, this prolongation operator
can introduce high-frequency errors back into the fine grid, causing
degradation of the convergence rate. To prevent this degradation, the
coarse-grid corrections are processed through an implicit residual
smoothing operator before being added to the fine-grid corrections.
Whereas the smoothing of the coarse-grid corrections is certainly
helpful for transonic flow calculations, it is essential for obtaining
converged solutions for higher-speed flows.

The solutions presented in this paper were obtained using a W
cycle, in which the governing equations are solved only in the

195
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Fig. 5 Comparison of heat-transfer coefficients for the modified Shuttle orbiter M, =5.83,Re; =4.5 X 10°, a = 40 deg).

restriction step. The W cycle resulted in approximately a 25% re-
duction in computational time from a star.dard V cycle for achieving
comparable convergence levels of the residuals. In addition, global
properties, such as lift and drag, develop more rapidly with the W
cycle, since more time is spent on the coarser grids. It is also help-
ful to run more cycles on coarser grid levels for supersonic and
hypersonic flows to better establish and precondition the flowfield
before starting computations on the finest mesh in the full multigrid
(FMG) cycle.

The variable-coefficient residual smoothings are applied on all
grid levels of the multigrid cycle. On the finest grid, the blend of
second- and fourth-difference artificial dissipation discussed previ-
ously is employed. For the coarser grids, a fixed-coefficient second-
difference dissipation model has been replaced by a pressure-
gradient-based dissipation model employing a TVD switch [Eqs. (5
and 6)] to improve the convergence rate of the present scheme in
supersonic and hypersonic flow regimes.

Results and Discussion

Two test cases encompassing supersonic to low hypersonic
speed regimes were selected to evaluate the applicability of the
multigrid-based Navier-Stokes code TLNS3D to aerothermody-
namic problems of practical interest. Since the configurations un-
der consideration have blunt noses, C-O grids are used to provide
good resolution in the leading-edge regions. The accuracy of the

computed solutions is assessed via comparisons with available ex-
perimental data and other numerical solutions.

Spherically Blunted Cone

The first test case chosen for this study is a simple aerodynamic
shape obtained by adding a spherical cap to a 15-deg cone. Cleary?!
has conducted an extensive experimental study to determine the ef-
fects of angle of attack and bluntness on the heating rate of blunted
cones at M., = 10.6. In this paper, the configuration with a blunt-
ness ratio (nose radius/base radius) of 0.183 is examined. Com-
putations are performed for an angle of attack o of 5 deg and
a Reynolds number Re, of 136,400 (based on the nose radius),
corresponding to one of the test conditions investigated.”! Since a
classical grid-refinement study with grid doubling in all three coor-
dinate directions is impractical on account of memory limitations
even on the current supercomputers, a limited grid-refinement study
has been conducted to assess the adequacy of the grids employed
herein, starting with a 161 x 97 x 33 mesh as the baseline grid. As
a first step, the effect of grid refinement in the streamwise direc-
tion is investigated. For this exercise, two different grids are used,
consisting of 161 and 225 nodes in the streamwise direction with
97 x 33 nodes in the normal and circumferential directions. The
computed heat-transfer rates for this case are pormalized?' by the
stagnation heating rate go. The variation in the streamwise mesh
has only a small effect on the computed heat-transfer distributions,



VATSA: EVALUATION OF MULTIGRID-BASED NAVIER-STOKES SOLVER

20 ¢

2

gy, watts/cm

0.0 0.2 0.4 0.6 0.8 1.0

s/smax
a)x/L = 0.2500

2

q, watts/cm

b) x/L = 0.3500

40
~ 3.0

g

(8]

~

2 20

=

o]

3\

Ed

& 10

0.0 TS

0.0 0.2 0.4 0.6 0.8 1.0

s/smax
¢) x/L = 0.6500

197
2.0
———- JMAX=61
o Exp. Data
1.5 F o JMAX=81

0.5

qw,watts/cm2
&

0.0
0.0 0.2 0.4 .6 0.8 1.0

s/smax

d) x/L = 0.7500

~N
£
Q
~
12
=
©
3\
x
o
0.0 0.2 0.4 0.6 0.8 1.0
s/smax
¢) x/L = 0.8500
20 ¢
o
~ 1.5
£
L)
~
2 10
=
[l
3~
g 05
0.0 j I |
00 02 04 06 08 1.0
s/smax
f) x/L =0.9500
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40 deg).

as shown in Fig. 1. The effect of varying the circumferential mesh
from 25 to 37 nodes (50% variation) was also found to be insignif-
icant (results not shown) for the predicted heat-transfer distribu-
tions. Based on this exercise, it appears that the tangential mesh
consisting of 161 x 33 points used here is adequate for accurate
predictions of heat transfer for this case.

Since the heat-transfer coefficient is usually most sensitive to the
normal mesh density, a more detailed study is conducted to assess the
effect of varying the mesh in the normal (boundary layer) direction.
Solutions were obtained with 73, 97, and 121 nodes in the normal di-
rection in conjunction with a tangential mesh consisting of 161 x 33
nodes in the streamwise and circumferential directions. In Fig. 2,
the computed surface heat-transfer coefficients on the windward and
leeward sides are compared with the experimental data of Ref. 21.
The effect of refining the normal mesh density beyond 97 points is
minimal, and the computed solutions on the two finest meshes used
here are essentially identical. The agreement between the computed
results (for 97 or more points in the normal direction) and the ex-
perimental data is considered quite good, thereby demonstrating the
feasibility of the present central-difference scheme for accurate pre-
diction of heat-transfer distributions for high-Mach-number flows.

The efficiency of the present scheme is demonstrated by exam-
ining the convergence history of the numerical solutions. Figure 3
shows the time evolution of the residual of continuity equation and

the lift coefficient from computations on the 161 x 121 x 33 mesh,
using a W-cycle of the multigrid. The convergence rates from the
coarser mesh computations (not shown) are slightly better than the
results shown in Fig. 3. Although the convergence rate observed
in Fig. 3 appears to be somewhat slower than in the computations
of turbulent, transonic flow,” it is believed to be significantly better
than the convergence rate associated with nonmultigrid schemes.

Modified Shuttle Orbiter

A modified Shuttle orbiter, popularly known as “Halis,” is the
second test case chosen for evaluating the TLNS3D code for
aerothermodynamic problems. In the present investigation, C-O
grids created for this problem in an earlier study'® are employed.
Significant grid clustering is used in the thin region adjacent to the
solid surface in order to resolve the thin shear layers present in
high-Reynolds-number flows. In addition, the outer boundaries are
placed outside the bow shock generated by the blunt nose.

The test conditions chosen for this study are a Mach number M
of 5.83, and a Reynolds number Re; of 4.5 x 10° based on the
model length. The computations are performed at 30- and 40-deg
angles of attack a, corresponding to two of the test conditions used
in the experimental study.?? The grids used for these computations
are identical to the ones used by Hamilton et al.,! except in the 30-
deg case, where one layer of cells in the normal direction had to be
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a) o = 30°

b) « = 40°

Fig. 7 Effect of angle of attack on the flowfield for the modified Shuttle
orbiter.

eliminated to produce a multigriddable mesh. Thus, grids consisting
of 289 x 69 x 41 and 289 x 81 x 41 mesh points were employed
in these computations for the 30- and 40-deg cases, respectively.

The computed surface heat-transfer coefficient distributions are
shown in Figs. 4 and 5 at six streamwise stations for these cases. The
experimental data and computational results from an earlier study
based on a flux-difference-splitting code LAURA are also shown
in this figure. A comparison of the two prediction methods shows
good correlation except near the wing-tip region, where the solu-
tions of Ref. 10 display sharp discontinuity in heat-transfer distribu-
tions. Such nonphysical behavior may be caused by the flux limiters
used in the scheme.!® The present solutions compare well with the
experimental data all the way from the windward to the leeward
side of this configuration, with the agreement improving slightly
at the downstream stations. Given the scatter in the experimental
data, present results compare favorably with the experimental data
of Ref. 22, and with the results from the flux-difference scheme
of Ref. 10.

A limited grid-refinement study was conducted for the 40-deg
case to study the effect of normal mesh density. A coarser mesh with
61 points in the normal direction was generated by a redistribution
of the points from the baseline mesh, which contained 81 points in
that direction. The results from this study are shown in Fig. 6. These
comparisons indicate that the overall effect of refining the normal
mesh is a slight increase in the predicted heat-transfer coefficients
due to better resolution of the boundary layer. This is more evident
in the wing-tip region, where the boundary layer becomes very thin
because of strong acceleration of the flow from the lower to the
upper surface and the computations display the largest effect of grid
refinement. Thus it appears that the correlation with the experimental
data will improve slightly on a finer normal mesh; however, the
normal mesh density of the baseline mesh is considered adequate
over most of this configuration.

The Mach contours in the symmetry and downstream planes are
presented in Fig. 7 to show the effect of increase in angle of attack
on the overall flowfield and shock positions. It is observed from
this figure that the bow shock developing at the blunt nose almost
hugs the lower surface (windward plane), whereas on the upper
surface (leeward side), it extends very far from the body at the angles
of attack considered here. Such conflicting requirements are very
demanding on the mesh generation and the numerical code, since we
need not only to resolve the large gradients present in the thin shock
layer on the lower surface, but also to capture the bow shock, which is
almost a body length away from the upper surface. Nonetheless, the
solutions shown here clearly display a well-resolved shock structure
in the symmetry and crossflow planes. As expected, the bow shock
and the crossflow shocks on the upper surface move further away
from the solid surface with an increase in angle of attack. On the
lower surface, the bow shock is much closer to the surface; however,
the mesh extends far enough on both the windward and leeward sides
to capture the bow shocks.

To demonstrate the most significant advantage of the present
scheme, the convergence history in terms of residual error of the
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Fig. 8 Convergence history for the modified Shuttle orbiter.

continuity equation and the lift coefficient for these cases is shown
in Fig. 8 as a function of work units. A work unit represents the
computational effort required for one fine-mesh iteration. A total
of 300 iterations (485 work units) were performed on the fine grid,
which resulted in approximately 5 orders of magnitude reduction
in the residual. The lift and drag for this case converged to within
0.1% of their final value in less than 100 fine-grid iterations. These
computations required 2.85 h of CPU time for the 30-deg case
(289x69x41 grid), and 3.2 h for the 40-deg case (289 x 81 x 41 grid),
on a Cray Y-MP supercomputer. These computational requirements
are approximately an order of magnitude smaller than with non-
multigrid codes (see, e.g., Ref. 10) currently being used for such
problems.

Concluding Remarks

A multigrid-based Navier—Stokes solver has been applied to solve
high-angle-of-attack supersonic and hypersonic flows over a blunt
cone and a modified Shuttle orbiter. The computed heat-transfer
distributions compare well with the experimental data for both
test cases and also with previous calculations for the Shuttle or-
biter. The present code offers an order-of-magnitude reduction in
computer time for obtaining steady-state solutions for such prob-
lems below that required by nonmultigrid codes. Based on these
solutions, it is concluded that the resulting code is capable of accu-
rately predicting high-speed viscous aerothermodynamic problems
in an efficient manner.
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